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Abst rac t - -We introduce briefly some nonlocal models for heat transfer in conducting and radi- 
ating media. The goal is to give an idea of the general mathematical structure and related existence 
results for such models. 
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1. ABSTRACT MODEL 
In a stationary case, the weak formulation of the heat balance quation involving conduction and 
radiation can be written as follows: 
a(T, ~o) + b(T, ~) - c(T, ~) = (f , 9~), V ~ e V, (,) 
where T is the absolute temperature and f is known data. The form a corresponds to conduction 
and typically has the form 
a(T, ~o) =/n  kVTV ~o dx 
where k is the coefficient of heat conduction and ~ is the conductive and radiative body. Forms b 
and c are related to heat radiation. The form b corresponds to the radiation emitted by the 
material, and, due to Stefan-Boltzmann law, it is typically of the form 
b(T, ~) = f~ elTI3Tvd,, 
where 0 < e _< 1 is the emissivity coefficient. The measure/z characterises the optical activity of 
the material, a denoting Stefan-Boltzmann constant, 
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where f~8 is the volume occupied with semitransparent material with attenuation coefficient/~ 
(sum of absorption and scattering coefficients). The factor 4 leads to a convenient scaling between 
volumetric and surface radiation. ~0 stands for the opaque part of the system. 
Finally, the form c contains the heat flux due to radiation absorbed by the material. As 
radiation can propagate a significant distance before being absorbed, the form c is nonlocal. For 
the time being, let us write simply 
c(T, ~) = ~ [-I (eITI3T) ~ d#, 
where/~r is a positive integral operator, i.e., H( f )  > 0 for f > 0. 
The function space V remains to be specified. It is easy to observe that the above formulation 
requires that V = Hl(f~) N L~(f~); otherwise the various forms are not well defined. If f~o ~ @ 
and we consider 3D case, then L~(O) is not a subset of HI(~) as LS(0f~o) ~ HI(~).  Hence the 
functional setting is nontrivial. 
We list next some useful properties of H, which are valid at least in the physical cases described 
in the sequel: 
(i) H is positive, 
(ii) /-) is compact from L~ to itself when 1 < p _< o0, 
(iii) b(T,T) - c(T,T) > O, VT E L 5, 
(iv) 1[(1 - e)I +/~IIL~ < 1 for 1 _< p _< c~, 
(v) if the system does not contain enclosures whence the radiation cannot escape, i.e., if 
Rn\f~o is connected, then [[(1 - e)I q- He[[L~ < 1 for 1 < p < oo. 
For the existence theorem we need the following notion: ¢ and ¢ in V are called sub- and 
supersolutions if ¢ < ¢, and 
a(¢, w) + b(¢, w) - c(¢, w) < (f, w), 
a(¢, w) + b(¢, w) - c(¢, w) > (f, w), 
Vw E V +, 
Vw E V +, 
where V + is the cone of nonnegative elements, V+ = {v E V : v _> 0}. 
Now we can summarise the existence results. We assume that ~ is connected and bounded 
with Lipschitz boundary and that a Neumann condition is not prescribed on the whole of 0f~. 
We assume also that 0~8 and 0f~0 are Lipschitz and f E V'. The coefficients k and/~ should be 
in L °° and bounded below by a positive constant. 
THEOREM 1. Let the above assumptions be satisfied and assume one of the following: 
(i) HI (~) N L5(~) = Hi(12), 
(ii) Rn\f~o is connected, 
(iii) there exist a pair of super- and subsolutions for (*). 
Then there exist at/east one solution for (*). 
SKETCH OF PROOF. If (i) is satisfied, the form a is coercive in V. The nonlocal and nonmonotone 
part c is compact. Hence the result follows from pseudomonotonicity. This case covers all 1D 
and 2D problems and 3D cases where perfectly opaque material is not present. 
In the case (ii), using property (v) of /~,  we get that the problem is coercive in V. Hence, 
using again pseudomonotonicity, we are done. This covers 3D cases without enclosures. Finally, 
in (iii) one can construct a monotone sequence of sub (or super) solutions converging to a limit 
which solves (,). 1 
In construction of super- and subsolutions one can generally use the fact that for constant T
in an enclosure b(T,~) -c (T ,~)  = O, V~ E V, i.e., constants are in the kernel of the radiation 
part. This is natural as one expects no isothermal heat flux. 
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2. RADIAT ION MODELS 
Let us now consider in more detail some concrete cases which fit in the abstract frame. For that 
we have to construct he nonlocal operator from the physical principles governing heat radiation. 
We shall assume that the materials are gray and isotropic, that is, the radiative coefficients do 
not depend on wavelength or direction of the radiation. This means that only the total intensity 
of radiation needs to be modelled, not the spectral or angular quantities. 
We denote by #(x) the total amount of radiation emitted and scattered by a point x and by i(x) 
the total amount of radiation absorbed and scattered by x. In what follows, we shall work with 
the scaled quantities p and i defined by relations # i = i and # p = #. i describes the radiation 
received by x which consists of the radiation emitted and scattered by the visible neighbourhood 
of x, and perhaps, of the radiation arriving from outside of the system. That is 
i(x) = (Kp)(x) + (K°°p~)(x) := fn w(x, y)p(y)dr(y) + (K°°p~)(x).  
Here w(x, y) is a nonnegative weight function which describes how much of the radiation emitted 
and scattered from y reaches x. The other law that is needed links { and ~ to temperature T. It 
says that p is a sum of Stefan-Boltzmann radiation and scattered part of i 
p(x) = eITI3T + (1 - e)i = ¢ITI3T + (1 - e)Kp(+(1 - e)K°°p°°). 
From this p can be solved as a function of T. We recall that heat radiation acts locally as a heat 
sink/source due to the difference between absorbed and emitted energy. Thus the radiative heat 
sink is 
- ~ = #( I -  K )p+#f~ 
= #(I - K ) ( I  - (1 - e)K)-leITI3T + #f~ 
= #e[TI3T - #eg( I  - (1 - e)K)-lelTI3T + #foe. 
The forms b and c can now be easily recognised. It remains to specify the nonlocal operator K 
and to see that the properties (i)-(v) of the nonlocal part are satisfied. 
Let us first consider the case where only opaque and perfectly transparent materials are present. 
Then the measure # reduces to the surface measure of the opaque part and we can write 
(Kp)(x) = ~o w(x,s)p(s)ds, Vx c 0£~o, 
I%o 
with 
w(x ,s )  = nx  . ( s  - x)ns. (x-  s) E(x,s), 
7rlls - xll4 
where n is the unit normal of 0fl0 directed away from the opaque material. Here E is the visibility 
factor 
J" 1, if x and s can see each other, 
E(x, 8) 
0, otherwise. 
The case where also semitransparent material is present is more technical, as we have to deal 
with both volume and surface integrals. Now, for all x E f18 U 0fl0, K can be written as 
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where 
wl(x ,y )= 16~r~l(y'Y)xl12,_ i fx  E f~s, 
wl (x, y) = r (x ,  y )nx .  (y - x) 
41rily _ xll3 , if x E 0f~0, 
~(x ,  s) = r(x, s )n . .  (x - s) 
4r[[ s _ x[13 , if x e ~2s, 
wz(x, s) = r(x, s)n~.  (s - x )ns .  (x - s) 
~rl[s - x[[ 4 , if x E 0~2o, 
with 
T(x,y) = exp [ -  /~T/~(r)dr] ~(x,Y), 
where the inner integral is one-dimensional on the line ~yy. 
We conclude by listing the characteristics of K and sketch how the properties (i)-(v) o f /~  
follow. 
1. K is positive. 
2. K is compact from L~ to itself when 1 < p < c~. 
3. IIKIIL~ _< 1 for 1 < p < c~, strictly if Rn\f~0 is connected and 1 < p < c~. 
At first, (3) implies that  ( I  - (1 - e)K) is invertible whenever e > e0 > 0. This inverse is positive, 
and consequently, /~ is positive. In addition, (3) implies also properties (iv) and (v). (2) implies 
compactness of /~.  The property (iv) o f /~  implies the property (iii). 
Finally, we give references for detailed description of the above theory. In [1,2] the model with 
surface radiation is studied and in [3] also semitransparent materials are included. For physical 
principles of heat radiation, see [4,5]. 
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